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Abstract

The Morse potential energy function (PEF) is considered regarding the characterization of
interaction forces of particles with tuning parameters. Phase coexistence of Morse fluids is
predicted for different steepness and range of the PEF parameters using the grand-canonical
transition matrix Monte Carlo (GC-TMMC) method, with quantification of the parameter .S, which
is the product of a constant with a unit of reciprocal length and the equilibrium distance between
two molecules. We found that a lower limit of S exists bounded by infinite critical temperature.
The critical properties of the vapor-liquid equilibrium curves are estimated using a rectilinear
diameter method and a scaling law approach. A Clausius-Clayperon type relation of S and critical
temperature is derived in this work. Vapor-liquid surface tension of Morse fluids by finite size
scaling and GC-TMMC is also reported. Surface tensions are found to be higher at lower S.
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INTRODUCTION

In recognition of the degree of resemblance of the model system to the real one,
the choice of the potential model is one of the most important factors. Particularly,
Morse potential energy function (PEF), which has been developed about 70 some
years ago (Morse, 1929), became attractive in the field of the theoretical
chemistry due to closeness of description on the interaction forces of many body
systems. Its robust characteristics allow investigating built-model systems such as
diatomic molecules and metal components (Keyes, 1958; Girifalco and Weizer,
1959; Lincoln et al., 1967; Ruffa, 1981); small changes of parameters can easily
transform one type of Morse PEF into another. The Morse PEF has the following

formalism,
u(r;)/D= [e_za(r"'_r ' 2e_a(”‘_r°)} = [e_zs(r‘i o _ g S /r”_])} (1)

where rj is the distance of two molecules denoted as i and j, D is the dissociation
energy, « is an adjustable constant with units of reciprocal length, and ry is the
distance of two molecules in equilibrium. Note that we denote the parameter ary

as S hereafter. Figure 1 shows the schematic of Eq. (1) with different S of which
value of 1y is unity in this study.
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Figure 1. Plot of reduced interaction energy vs. relative distance, where r* is r/r,
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The Morse PEF has been shown successfully to predict thermodynamic
properties within confidence limits compared to experimental results. Recent
study (Singh et al., 2006) shows a good agreement of vapor-liquid equilibrium
(VLE) data including critical properties of metal components (e.g. Na, K, Al, Au
and Cu) with parameters produced by a fitting procedure (Lincoln et al., 1967),
yet with somewhat limited ranges of steepness and width of potential well. Note
that aforementioned works from other authors are not beyond this regime of
steepness and width. In this regard, our aim is to build a landscape of phase
equilibria of the Morse PEF systems in lieu of corresponding state theorem in
terms of S. Also, we map the value of S as the measurement of range and show
the various VLE data with prediction of critical properties as well as surface
tensions.

SIMULATION

Theoretical Approach

The grand canonical transition matrix Monte Carlo(GC-TMMC) method
(Errington, 2003) is implemented to perform the simulations of the systems
restricted with fixed properties of the chemical potential z, volume V, and
temperature T. Note that the number of molecules (density) of the system varies.
Analysis of statistical mechanics reveals the details of connectivity from
microstates to a macrostate in the grand canonical scheme as follows,

1 v
7 =EA3TNS!GXP[—5(US—,UNS)] (2)
The microstate probability 75 of observing a system s with energy Us and
molecule number Ng is shown in Eq.(2), where /=1/kgT is the inverse temperature
with Bolzmann’s constant kg, = is the grand canonical partition function, and A is
the de Broglie wavelength. Eq.(2) is utilized to obtain the macrostate probabilities

I1(N)’s, which are the collections of all the microstates for each of series of fixed
number of molecules (e.g I1(0) = Z;zs (0), I(1) = Z;zs (l), I1(2) = Z;zs (2),
...). The probability distribution function is subsequently used to obtain the
chemical potential of the coexistence phase through the histogram reweighting

method developed by Ferrenberg and Swendson, 1988. The basic idea of the
method is shown for a fixed N as follows,

InTI(N; ) = InTI(N; 24,) + BN (1 = 14) 3)
where 14 is the user-input value of the chemical potential of the simulated system.
The target chemical potential is located at the point, where the probability
distribution function shows the equal area under vapor and liquid regions. Once
the chemical potential is evaluated, the saturation pressure is determined by the
following formula,
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sV =ln[;H(N)/H(O)j—ln(2) 4)

The bridge function for the pressure of grand canonical ensemble is implemented
and TI(N) is the probability distribution function, which was obtained from
previous step.

The critical properties are estimated in order from a least square fit of the
law of rectilinear diameter (Van Poolen et al. 1997). First, the critical temperature
is estimated from the following expression,

7Y 7Y
PI—PV:Q(I—T—J +Cz(1—T—C] )

where p' and p" are the liquid and vapor densities, respectively, and C, and C,
are fitting parameters. The critical exponent S, is taken as 0.325 and A = 0.51.

The critical density is then determined from the least square fit to the following

expression.
\)

|
+
%mwﬂ—m (6)

where Cs is constant. Finally, critical pressure is estimated using the least square
fit to the Clausius-Clayperon expression,
InP=A+B/T (7)
where A and B are constants.
The surface tension is estimated by calculating interfacial free energy, of
which the bridge function is expressed as follows,

Iy, TI:
28F =In W (8)
Min

where F is the interfacial free energy and the subscript L stands for the finite
system size (box length L),IT},  and II;, are the maximum probabilities in the

vapor and liquid regions, respectively, and II,, represents the minimum

probability in the interface region. Once Fp is obtained, by using Binder’s
equation (Binder, 1982), the surface tension is determined by the follow equation,
F InL 1

ﬂyngL;=C1?+C2F+ﬂ7/ )
where 7 is the surface tension of the box length L, yis the surface tension in the
infinite limit as L—oo. The number 2 appears due to presence of two surfaces in
the simulation, and C; and C, are constants. (See Singh et al., 2007 for detailed
procedure).
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Simulation Details

The varying parameters are S and temperature with a D fixed as unity. The range
of S varies from around 6 to 10, which includes the regime of Lennard-Jones (LJ)
potential (at S = 6). Note that temperature depends on the value of S. Our results
include the parameters of metallic components, which were previously done by
same authors (Singh et al., 2006). The maximum numbers of particles vary from
350 to 550. Size effect of the number of particle is minimal in the estimated
values in this work. MC trial moves are assigned to be 30 % particle displacement,
35 % particle insertion, and 35 % particle deletion. Typically, the statistical error
is found to be less than 1%.

RESULTS AND DISCUSSIONS

We first look at coexistence behavior of Morse fluids. Figure 2 shows the phase
diagram of Morse fluids of reduced temperature versus reduced density with
varying S. |
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Figure 2. Plot of reduced temperature vs. density. p* is pro’. Open circle is for S=6, open
square is for S=7, open triangle is for S=8, open inverse triangle is for S=9, and open
diamond is for S=10. The dotted line is for S=4.87(Singh et al., 2006). Filled triangle is
for square-well fluids with A=1.5(Singh et al. 2003), the + symbol is for LJ fluids(Potoff
and Panagiotopoulos, 2000), and the x symbol is for Buckingham exponential-6
fluids(Errington and Panagiotopoulos, 1998).
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Note that the dotted line is added to show the phase curve for the metal
component, Au (S~4.87). We also show typical coexistence data of square-well
(SW), LJ, Buckingham exponential-6 potentials for comparison. Left region of
the plot represents the gas phase and the right region represents the liquid phase.
As the parameter S increases, the region of phase coexistence decreases as well as
the critical temperature. The cause of this behavior can be sought from observing
interaction forces between molecules. Once S increases, the interactions of
molecules become short ranged (narrower potential well; steeper interaction
force) so that many particles beyond certain range of interaction distance do not
participate. This leads to lower in free energy difference between two phases,
consequently results in the decrease of the critical temperature. Similar behavior
is being observed for the variable SW systems (Singh et al., 2003; Kiselev et al.,
2006). Figure 3 shows the corresponding state plot of fig. 2.
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Figure 3. Plot of reduce temperature vs. reduced density, where Tr = T*/T.* and pr =
p*/p.*. Open circle is for S=6, open square is for S=7, open triangle is for S=8, open
inverse triangle is for S=9, and open diamond is for S=10. The dotted line is for
S=4.87(Singh et al., 20006).
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We observe that all systems under consideration fall into within certain
range yet with scattered behavior. We speculate that one of these reasons could be
from effects of nonlinear behavior of critical densities. Figure 4 shows the
reduced saturation pressure (in logarithmic scale) as a function of inverse
temperature. The values of saturation pressure were obtained from the application
of Eq.(4). Linear feature of pressure with respect to inverse temperature was
observed as shown in Clausius-Clayperon expression of Eq.(7). As S increases,
saturation temperatures are shifted into lower regime. The linear relation allows
predicting the critical pressures if the critical temperatures are known (the
calculations are shown later in this work). Alternatively, we estimate the critical
temperatures by using Eq.(5) to show the behavior of critical temperature as a
function of the parameter S shown in fig. 5. We found that there exists a linear
relation of the critical temperature with respect to the parameter S in Morse fluids.
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Figure 4. Plot of reduced pressure vs. inverse temperature. P~ is P9/D and T is ks T/D.
Open circle is for S=6, open square is for S=7, open inverse triangle is for 5=9, and open
diamond is for S=10. The dotted line is for S=4.87(Singh et al., 2006).
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Figure 5 represents our argument. It is found that the linear relation is as
follows,
1/T, =1.2In(S)-1.15 (10)
There are two important applications of Eq.(10). One is that if S is given, the
critical temperature can be directly estimated. The other provides us the direct
limitation of S as T.—o0. From Eq.(10), the value of S can be obtained as around
2.6. At this value and lower, phase separation should be under speculation since
the attractive interaction become very much long-ranged and repulsive force
becomes very weak among molecules; the physical system may depict a
conglomerated fluid phase. Therefore, no matter what Morse systems are under
consideration, the systems with S below 2.6 can not be considered for phase
equilibria determination. On the other hand, the high limit of S is found to be
around 50 (work not shown), which approach to limit of short range interaction
(A=1.1) of SW fluids. In this range, the critical temperature becomes too low and
existence of vapor-liquid system is questionable. The opposite behaviors are
observed in terms of interaction forces, compared to lower S region.
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Figure 5. Plot of reduced inverse temperature vs. In(S).
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With variation of S, we did not observe any linear relations with respect to
critical pressure and density. The reduced critical properties of the systems of
interest are shown in Table 1. As S increases, the critical temperature and pressure
(with deviation) decrease. However, the critical density does not show any
distinct behavior. To predict the critical pressure, we use the data of the saturation
pressures (See fig.4) to determine constants of A and B in Eq.(7) and apply the
critical temperature estimated from Eq.(5). The critical density was estimated by
using Eq.(6).

Surface tension calculations are also performed for the systems of interest.
Figure 6 shows the results. We obtain the values by using Egs. (8) and (9) with
finite size scaling method. As temperature increases, the surface tension decreases.
We found that surface tension becomes higher with low S at a constant
temperature. By the same token, the interaction forces between molecules at low S
become long ranged and those lead to increase in the interfacial free energy.

O
0.4 — —
0.3 =
. O
- 0.2 — -
&
0.1 A
&
A O
& A
| | [ [
0.6 0.7 0.8 0.9
T*

Figure 6. Plot of reduced surface tension vs. temperature, where 7* is ye/D and T is
kgT/D. Open circle is for S=6, open triangle is for S=8, and open diamond is for S=10.
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CONCLUSIONS

In this study, we investigated the behavior of Morse fluids in terms of VLE
including critical properties. The GC-TMMC with the histogram reweighting
method was implemented with other supplementary algorithms such as rectilinear
diameter fitting approach and finite scaling method. In Morse formalism, typical
variable parameters are o with equilibrium distance ry. Mapping of ary, which is
denoted as parameter S, is of great help to reduce the wide range of phase
behaviors into small domain, further, to help to find a linear relation of the
inverse critical temperature with respect to In(S). We quantify the relation with
lower and upper limits of S of Morse PEF systems, which are found to be around
2.6 and 50, respectively. The range of value S studied in this work is between 6
(which exhibit similar behavior of LJ PEF) and 10.

It is found that as the parameter S increases, the phase coexistence region
decreases to lower temperature region. Consequently, critical temperature
decreases with S. Critical pressure is also noticed to decrease with the increase in
S. However, such relation was not observed distinctively for critical density.
Surface tensions for three sets of S are reported, and those are observed to be
increase with the decrease of S.

Behaviors of bulk phases and associated critical properties with respect to
S are explained in terms of varied potential well of Morse PEF with interaction
forces. Small changes of the shape of well may result in big changes in
thermodynamic properties and these behaviors were mapped with the parameter S.

Complementary work can be undertaken to figure out the clear upper limit
of the parameter S. Our preliminary investigation shows that the value S is around
50. It indicates typical limit of well-length of SW fluids, for which two phase
systems exist(Kiselev et al., 2006). Detailed comparison of Morse and SW PEF’s
might explicitly reveal the upper limit with a varied value of S.
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